TRANSPLANTATION THEOREMS AND THEIR APPLICATIONS (Harmonic Analysis and Nonlinear Partial Differential Equations) by Kanjin, Yuichi
Title
TRANSPLANTATION THEOREMS AND THEIR
APPLICATIONS (Harmonic Analysis and Nonlinear Partial
Differential Equations)
Author(s)Kanjin, Yuichi













. 1 , .
, .





, M. Riesz .
$2\pi$ , $(-\pi, \pi)$ f(
$f( \theta)\sim\frac{a_{0}}{2}+\sum_{n=1}(a_{n}\cos n\theta+b_{n}\sin n\theta)$ ,
$a_{n}= \frac{1}{\pi}\int_{-\pi}^{\pi}f(\theta)\cos n\theta d\theta$ , $b_{n}= \frac{1}{\pi}\int_{-\pi}^{\pi}f(\theta)\sin n\theta d\theta$
. $f$ (\mbox{\boldmath $\theta$}) $f$ (\mbox{\boldmath $\theta$}) ,




The M. Riesz theorem (M. Riesz [1]). $1<p<\infty$ . :
$l^{|f(\theta)|^{p}d\theta\leq c\int_{-\pi}^{\pi}|f(\theta)|^{p}d\theta}$ .




. , $\tilde{f}(\theta)$ ,
$\tilde{f}(\theta)=\lim_{\epsilonarrow 0}\frac{1}{2\pi}\int_{\epsilon<|\theta|<\pi}f(t)\cot\frac{\theta-t}{2}dt$
. , $2\pi$ .
M. Riesz , ,
1 .
,
. j $T$ $T’$ . $2\pi$
$f(\theta)\sim(a_{0}/2)+a_{1}\cos\theta+a2$ $\cos 2\theta+a_{3}\cos 3\theta+\ldots$
, $Tf(\theta)$ , :
(1) $Tf(\theta)\sim(a_{0}/2)\sin\theta+a1$ $\sin 2\theta+a_{2}\sin 3\theta+a_{3}\sin 4\theta+\ldots$ .
,
$g(\theta)\sim b_{1}\sin\theta+b2$ $\sin 2\theta+b_{3}\sin 3\theta+\ldots$
,
(2) $T’g(\theta)\sim b_{1}+b_{2}\cos\theta+b3$ $\cos 2\theta+b_{4}\cos 3\theta+\ldots$ .
. $T$ , cosine sine , $T’$
sine cosine .
(transplantation operator) 1
, $f$ (\mbox{\boldmath $\theta$}) $g$ (\mbox{\boldmath $\theta$})
$\tilde{f}(\theta)\sim a_{1}\sin\theta+a2$ $\sin 2\theta+\ldots$ , $\tilde{g}(\theta)$ \sim -b1 $\cos\theta-b2$ $\cos 2\theta-$ . ..
, :
$Tf(\theta)=f(\theta)\sin\theta+f\sim(\theta)\cos\theta$, $T’g(\theta)=g(\theta.)\sin\theta-g(\theta)\cos\theta$.
, M. Riesz , .
Theorem $\mathrm{A}$ $1<p<\infty$ . :
(3) $\int_{0}$
“





$|$T’g $( \theta)|^{p}d\theta\leq C\int_{0}$
”
$|$g(6) $|^{p}d\theta$ .
, Theorem A ,
.
‘ ’ , Askey [4] .
:
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Hardy-Litflewood (1931) $1<p<\infty$ . $\{a_{n}\}_{n=1}^{\infty}$ , $a_{n-1}\geq$
$a_{n}arrow 0$ . , $f( \theta)=\sum_{n=1}^{\infty}a$n $\cos n\theta$ $p$
$\int_{0}^{\pi}|f$ (\mbox{\boldmath $\theta$})|p $d\theta<\infty$ , $\sum_{n=1}^{\infty}a_{n}^{p}n^{p-1}<\infty$ .
, sine .
, . , $1<p<\infty$ $\{b_{n}\}_{n=1}^{\infty}$
$b_{n-1}\geq b_{n}arrow 0$
$\mathrm{c}$ , $g( \theta)=\sum_{n=1}^{\infty}b$n $\sin n\theta$ $p$
. T’g( (2) cosine , (4) $p$
. , $T’g$ (\mbox{\boldmath $\theta$}) , Hardy-Littlewood
$\sum_{n=1}^{\infty}b_{n+1}^{p}n^{\mathrm{p}-1}<\infty$ $\text{ },$ $\sum_{n=1}^{\infty}b_{n}^{p}n^{p-1}<\infty\mathrm{B}$ ’b . $\#^{}$. , $\sum_{n=1}^{\infty}b_{n}^{p}n"<\infty$
. , $\sum_{n=1}^{\infty}b_{n+1}^{p}n^{p-1}<\infty$ , cosine
$f( \theta)=\sum_{n=1}^{\infty}b_{n+1}\mathrm{c}$os $n\theta$ $p$ . , (3) sine $Tf(\theta)=$
$\sum_{n=1}^{\infty}b_{n}\mathrm{s}$in $n\theta$ $p$ . , Hardy-Littlewood
sine .
, cosine ,
sine . , sine , cosine
. , .
, M. Riesz , cosine sine
, = . ,
, .
, .
$\{\phi_{\alpha}(x)\},$ $\{\psi_{\alpha}(y)\}$ $dx,$ $dy$ 2
. , . $f$ (x)
$\{\phi_{\alpha}(x)\}$ ,
$f(x) \sim\sum_{\alpha}(f, \phi_{\alpha})\phi_{\alpha}$ (x), $(f, \phi_{\alpha})=\int$ f $(t)\overline{\phi_{\alpha}(t)}dt$
. , $g$ (\emptyset $\{\psi_{\alpha}(\emptyset\}$ ,
$g(y) \sim\sum_{\alpha}(g, \psi_{\alpha})\psi_{\alpha}$ (y), $(g, \psi_{\alpha})=\int$ g(s) $\psi_{\alpha}(s)$ds
. $T_{\psi}^{\phi}$
$T_{\psi}^{\phi}f(y) \sim\sum_{\alpha}(f, \phi_{\alpha})\psi_{\alpha}(y)=\int$ f $(t) \sum_{\alpha}\phi_{\alpha}(t)\psi_{\alpha}$ (y) $dt$
. 1,, $\phi$ $\psi$ (transplantaion operator) .
, $\psi$ $\phi$ $T_{\phi}^{\psi}$ ,






. , , $\sum_{\alpha}\overline{\phi_{\alpha}(t)}\psi_{\alpha}(y)$ , $\sum_{\alpha}\overline{\psi_{\alpha}(s)}\phi_{\alpha}(x)$
$T_{\psi}^{\phi},$ $T_{\phi}^{\psi}$ .
Statement I-
(\phi \rightarrow \psi ) $||T_{\psi}^{\phi}f||_{p}\leq C||f||_{p}$ ;(\psi \rightarrow \phi ) $||T_{\phi}^{\psi}g||_{p}\leq C||g||_{p}$ .
, $||$ $|$ |p , $L^{p}$ .
, Statement I $\phi$ $\psi$ (transplan-
tation theorem) . M. Riesz Theorem A , cosine
sine . , $\phi$ $\psi$








$\lambda=\{\lambda_{\alpha}\}$ , $\phi$ $M_{\lambda}^{\phi}$
$M_{\lambda}^{\phi}f(x) \sim\sum_{\alpha}$ \lambda $(f, \phi_{\alpha})\phi_{\alpha}(x)$





, $\phi$ $\psi$ . (5) ,
$||M_{\lambda}^{\phi}$f $||_{p}=||$$M$\lambda\psi\psi_{T^{\phi}f||_{p}\leq}|$$ $|_{p}||$M$\lambda\psi$q$f||_{\mathrm{p}}$
$\leq|$I$\phi\psi|_{p}|$M$\lambda\psi|_{p}||$T$\psi^{\phi}$f $||_{p}\leq|$I$\phi\psi|_{p}|$M$\lambda\psi|_{p}|$T$\psi\phi|_{p}||$f $||_{p}$ .
, $|(|_{p}$ $L^{p}$ -
82
, $\psi$ $M_{\lambda}^{\psi}$ $L^{p}$ $|M_{\lambda}^{\psi}|_{p}<\infty$




(\psi \rightarrow \phi ) $|M_{\lambda}^{\psi}|_{p}<\infty$ $|M_{\lambda}^{\phi}|_{p}<\infty$ ;
(\phi \rightarrow \psi ) $|M_{\lambda}^{\phi}|_{p}<\infty$ $|M_{\lambda}^{\psi}|_{\mathrm{p}}<\infty$ .
Stetement $\mathrm{I}\mathrm{I}$ , (\psi \rightarrow \phi ) , $\psi$
$\phi$ (transference theorem) $^{\mathrm{a}}$ , (\phi \rightarrow \psi )
, $\phi$ $\psi$ .
, $\psi$ , $L^{p}$






, (\psi \rightarrow \phi ) (\phi \rightarrow \psi )
. , (\psi \rightarrow \phi ) ,
(\psi .\rightarrow \phi ) (\phi \rightarrow \psi ) .
( , [10]) , (\psi \rightarrow \phi )
(\phi \rightarrow \psi ) .
2.
, .
, 2 $\phi=\{\phi_{\alpha}(x)\}_{\alpha},$ $\psi=$ {\psi \mbox{\boldmath $\alpha$}(y)} , 1
$J_{\mu}$ , $\mu>-1$ 2 $\mu,$ $\nu$ $\{J_{\mu}(xt)\sqrt{xt}\}_{t},$ $\{J_{\nu}(yt)\sqrt{yt}\}_{t}$
( $\alpha$ $t>0$ )
$(0, \infty)$ $f$ (t) $\mu$ $\mathcal{H}_{\mu}f$(x) :
$\mathcal{H}_{\mu}f(y)=\int_{0}^{\infty}f(t)\sqrt{yt}J_{\mu}(.yt)$ d $y>0$ ,
$\mu$ -1/2, 1/2 ,
$J_{-1/2}(z)=\sqrt{\frac{2}{\pi z}}\cos z$ , $J_{1}$72
$(z)=\sqrt{\frac{2}{\pi z}}\sin z$
83
, , cosine, sine :
$\mathcal{H}_{-}1/2f(y)=\sqrt{\frac{2}{\pi}}\int_{0}$
”
$f(t)\cos$ yt dt, $\mathcal{H}$ 172 $f(y)= \sqrt{\frac{2}{\pi}}\int_{0}$
”
$f(t)\sin$ yt dt.




$\mathrm{o}||\mathcal{H}_{\mu}f||_{2}=||f||_{2}$ . , $||f||_{2}= \{\int_{0}^{\infty}|f(t)|^{2}dt\}^{1/2}$ .
$\bullet$ $L^{2}(0, \infty)$ , $\mathcal{H}_{\mu}\mathcal{H}_{\mu}=I$ . , $I$ ?h .
2.1. . , $\nu$ $\mu$ $\mathcal{T}_{\mu}^{\nu}$
T\mu \mbox{\boldmath $\nu$}=H,H
$\vee\supset$. . $\mathcal{T}_{\mu}^{\nu}$ , $L^{2}(0, \infty)$ , $||\mathcal{T}_{\mu}^{v}f||_{2}=||f||_{2}$
. If , D. L. Guy
. If ,
<
Guy (1960) ([11]). $1<p<\infty$ . $\mathcal{T}_{\mu}^{\nu}$ $L^{p}(0, \infty)$
.
,
. , Guy ,
.
















. , $F(\alpha, \beta;\gamma;z)$ , . ,
$F( \alpha, \beta;\gamma;z)=\sum_{k=0}^{\infty}\frac{(\alpha)_{k}(\beta)_{k}}{(\gamma)_{k}k!}z^{k}$ , $|$z $|<1.$
, $(\lambda)_{0}=1,$ $(\lambda)_{k}=\lambda(\lambda+1)\ldots(\lambda+k-1),$ $k$ \geq 1 .
Schindler :
Schindler (1973) ([19]). (i) $f\in C_{c}^{\infty}(0, \infty)$ , $\mathcal{T}_{\mu}^{\nu}f(x)=T_{\mu,\nu}f(x)a.e$ . $x>0$ .
, $C_{\mathrm{c}}^{\infty}$ (0, o) $(0, \infty)$ .




, Schindler $\mathcal{T}_{\mu}^{\nu}$ , $L^{p}(0, \infty)$ , $1<p<\infty$
, $f\in L^{p}$ (0, o) , $\mathcal{T}_{\mu}^{\nu}f(x)=T_{\mu,\nu}f(x)$
$\mathrm{a}.\mathrm{e}$ . $x>0$ .
2.2. . , [14] ,
.
, Guy Schindler , $p=1$ .
, . $H^{1}$ (R) ,
:
$H^{1}( \mathbb{R})=\{f(x)=\lim_{tarrow+0}\Re F(x+H); F\in H^{1}(\mathrm{R}_{+}^{2})\}$.
95
, $H^{1}(\mathbb{R}_{+}^{2})$ $\mathbb{R}_{+}^{2}$ , ,
$H^{1}(\mathbb{R}_{+}^{2})=$ { $F($z); $F(z)$ R2+C‘ , $||F||_{H^{1}(\mathbb{R}_{+}^{2})}= \sup_{t>0}\int_{-\infty}^{\infty}|F(x+it)|dx<\infty$ }.
, $f\in H^{1}$ (R) , $||f||_{H^{1}(\mathbb{R})}=||F||_{H^{1}(\mathbb{R}_{+}^{2})}$ . ,
, :
$H^{1}(0, \infty)=\{h|(0,\infty) ; h\in H^{1}(\mathbb{R}), \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}h\subset[0, \infty)\}$ .
, $||f||_{H^{1}(0,\infty)}=||h||_{H^{1}(\mathbb{R})}$ . , $h\in H^{1}$ (R), $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}h\subset$
$[0, \infty)$ $f=h|(0,\infty)$ , , $H^{1}(0, \infty)$ $=\{h|(0,\infty)$ ; $h\in$
$H^{1}$ (R), } . :
([14]). (i) $\mu\geq-1/2$ $\nu>1/2$ . , $\mathcal{T}_{\mu}^{\nu}$ ,
$H^{1}$ $(0, \infty)$ ,
$||$q$f||_{H^{1}(0,\infty)}\leq C||f||_{H^{1}(0,\infty)}$
.
(ii) $\mu\geq-1/2$ . , $\mathcal{T}_{\mu}^{-1/2}$ $H^{1}(0, \infty)$ $L^{1}(0, \infty)$
,
$||$ \sim -1/2 $f||_{L^{1}(0,\infty)}\leq C||f||_{H^{1}(0,\infty)}$
. , $C$ $\mu,$ $\nu$ .
, ,
.
$m\in L^{\infty}(\mathbb{R})$ . M
$\mathcal{M}_{m}h=\mathcal{F}^{-1}(m\mathcal{F}(h))$ , $h\in L^{2}(\mathbb{R})$
. , $\mathcal{F}$ $\mathbb{R}$ , $\mathcal{F}^{-1}$ .
$H^{1}$ (R) ,
.
Theorem B. $||m||_{L\infty(\mathbb{R})}\leq A$
(9) $( \frac{1}{R}\int_{R<|}(|\leq 2\sim\frac{dm(\xi)}{d\xi}|^{2}dx)^{1/2}\leq AR^{-1}$ , $R>0$
. , $A$ $R$ . , .
M $H^{1}$ (R) , $||\mathcal{M}_{m}h||_{H^{1}(\mathrm{R})}\leq$





$\mathcal{M}_{\phi}^{\mu}f=\mathcal{H}_{\mu}(\phi \mathcal{H}_{\mu}(f))$ , $f\in L^{2}(0, \infty)$
.
(10) $||\phi$ IL”(0,oo) $\leq A$ , $( \frac{1}{R}\int_{R<}y\leq 2R$ $| \frac{d\phi(y)}{dy}|^{2}dy)^{1/2}\leq AR^{-1}$ , $R>0$
, $A$ $R$ . $\mathcal{M}_{\phi}^{-1/2}$ ,
, Theorem $\mathrm{B}$ . , $\mu>-1/2$
. , $\mathcal{M}_{\phi}^{\mu}=\mathcal{T}_{\mu}^{-1/2}\mathcal{M}_{\phi}^{-1/2}\mathcal{T}_{-1/2}^{\mu}$
. $\mathcal{T}_{-1/2}^{\mu}$ , (i) , $(H^{1}, H^{1})$- . $\mathcal{M}_{\phi}^{-1/2}$ ,
$(H^{1}, H^{1})$- . , $\mathcal{T}_{\mu}^{-1/2}$ (ii)
, (H1, $L^{1}$ )- . , :
$\mu\geq-1/2$ . (10) , $\mathcal{M}_{\phi}^{\mu}$
$H^{1}$ $(0, \infty)$ $L^{1}(0, \infty)$ ,
$||\mathcal{M}$:$f||_{L^{1}(0,\infty)}\leq CA||f||_{H^{1}(0,\infty)}$
. , $C$ $f$ $\phi$ .
2.3, . 1,$\cdot$ 2 .
1. $\mu>-1/2$ . , :
$||$7$\mu\mu" 2f||_{H^{1}(0,\infty)}\leq C||f||_{H^{1}(0,\infty)}$ , $||\mathcal{T}_{\mu+2}^{\mu}f||_{H^{1}(0,\infty)}\leq C||f||_{H^{1}(0,\infty)}$ .
2. (i) $\mu\geq-1/2$ $\nu\geq 1/2$ . ,
$||$7$\mu\nu f||_{H^{1}(0,\infty\rangle}\leq C||f||_{H^{1}(0,\infty)}$ .
(ii) $\mu\geq-1/2$ ,
$||$7-1/2$f||_{L^{1}(0,\infty)}\leq C||f||$H1 $(0,\infty)$ .
, (ii) , 2 (ii)
. (i), $\mu\geq-1/2,$ $\nu>-1/2$ .
$\mathcal{T}_{\mu}^{\nu}=\mathcal{T}_{\mu}^{\nu+2}\mathcal{T}_{\nu+2}^{\nu}$ , $\nu+2\geq 1/2$ , 2 (i)
$\mathcal{T}_{\nu+2}^{\nu}$ $\mathcal{T}_{\mu}^{\nu+2}$ , 1 $(H^{1}, H^{1})$ - . ,
$\mathcal{T}_{\mu}^{\nu}$
$(H^{1}, H^{1})$ - . , 1, 2 .
1 , [2, Proposition] , 2
. , Schindler (7), ,
87
. $a$ (x) $c$ ;(1) $[c-h/2, c+h/2]$
, (2) $||a||_{2}\leq h^{-1/2},$ $(3) \int$
R
$a$ (x) $dx=0$ .
: $f\in H^{1}(0, \infty)$ , $\{\lambda_{j}\},$ $\sum_{j=0}^{\infty}|\lambda_{j}|<\infty$ $\{a_{j}\}$ ,
$\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}a_{j}\subset[0, \infty)$ . $f= \sum_{j=0}^{\infty}\lambda$jaj $\sum_{j=0}^{\infty}|\lambda_{j}|\leq C||f||_{H^{1}[0,\infty)}$ .
, $C$ $f$ . $M$ (x) $c$
;(1)
$N(M)=||$M$||$ zz$2$(m) $||||-c|M||_{L^{2}(\mathbb{R})}^{1/2}<\infty$ ,
$(2) \int_{\mathbb{R}}M$(x) $dx=0$ . $N$ (M) . –
, :
$\{Mj\}$ $\sum_{j}N(M_{j})<\infty$ , $f= \sum_{j}M_{j}\in H^{1}(\mathbb{R})$ $||f||_{H^{1}(\mathbb{R})}\leq$
$C \sum$j $N(Mj)$ . , $C$ . , $L^{1}$
: $||g||_{L^{1}(\mathrm{R})}\leq CN$ (g).
2 . $f\in H^{1}$ $(0, \infty)\cap L^{2}(0, \infty)$ . $f$
: $f= \sum_{j=0}^{\infty}\lambda$jaj $\sum_{j=0}^{\infty}|\lambda_{j}|\leq C||f||_{H^{1}[0,\infty)}$ . , $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}a_{j}\subset[0, \infty)$ .
,
$\mathcal{T}_{\mu}^{\nu}f(x)=\sum_{j=0}^{\infty}\lambda_{j}$7$\mu a_{j}(x)$ a.e.x $>0$
. ,
(I) $\lceil\mu\geq-1/2,$ $\nu\geq 1/2$ $\mu\geq-1/2,$ $\nu=-1/2$ , $a(x)$ ,
supP $j\subset[0, \infty)$ , $N$ (T\mu \mbox{\boldmath $\nu$}a)\leq C.
, $\mu\geq-1/2,$ $\nu=-1/2$
$|| \mathcal{T}_{\mu}^{-}1/2f||_{L^{1}(0,\infty)}\leq\sum_{j=0}^{\infty}|\lambda$j $|||T-1/2a_{j}||_{L^{1}(0,\infty)} \leq C\sum_{j=0}^{\infty}|\lambda$ j $|$N$(\mathcal{T}_{\mu}^{-1/2}.a_{j})$
$\leq C\sum_{j=0}^{\infty}|\lambda$j $|\leq C||f||$Ht $(0,\infty)$ .
. $H^{1}(0, \infty)\cap L^{2}(0, \infty)$ $H^{1}(0, \infty)$ 2 (ii) .
,




$|| \mathcal{T}_{\mu}^{\nu}f||_{H^{1}(0,\infty)}\leq C\sum_{j=0}^{\infty}N(\lambda_{j}\mathcal{T}_{\mu}^{\nu}a_{j})\leq C\sum_{j=0}^{\infty}|\lambda_{j}|N(\mathcal{T}_{\mu}^{\nu}a_{j})$
$\leq C\sum_{j=0}^{\infty}|\lambda$j $|\leq C||f||_{H^{1}(0,\infty)}$
, $H^{1}(0, \infty)\cap L^{2}(0,0)$ $H^{1}(0, \infty)$ , 2
(i) , . , (I) (II) .
(I) . $a$ $c$ $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}a\subset$ $[0, \infty)$ . $Q=$
$[c-h/2, c+h/2]\subset[0, \infty)$ $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}a$ . $\mathcal{T}_{\mu}^{\nu}$ $L^{2}(0, \infty)$
,
$(11)_{-}$ $||$7$\mu a||_{2}=||a||_{2}\leq h^{-1/2}$ .
, (I) , $|||\cdot-c|\mathcal{T}_{\mu}^{\nu}a||_{2}\leq Ch^{1/2}$ .
$||| \cdot-c|\mathcal{T}_{\mu}^{\nu}a||_{2}^{2}=\{\int_{(0,\infty)\cap\tilde{Q}}+\int_{(0,\infty)\backslash \overline{Q}}\}|x-c|^{2}|\mathcal{T}_{\mu}^{\nu}a(x)|^{2}dx$
$=V_{1}+V_{2}$
. , $\tilde{Q}=$ [$c-h,$ $c$ +h] . $V_{1}$ ,
$V_{1}= \int_{(0,\infty)\cap\tilde{Q}}|x-$ C $|^{2}|$7$\mu a(x)|^{2}dx\leq h^{2}||\mathcal{T}_{\mu}^{\nu}a||_{2}^{2}\leq h$
, $V_{2}\leq Ch$ (I) . Schindler
$\mathcal{T}_{\mu}^{\nu}a(x)=\lim_{\deltaarrow+0}\int_{|x-y|>\delta}a(y)\tilde{I}(x, y)dy+k(.\mu, \nu)$a(x) $a.e.x>0$ ,
( , $\tilde{I}(x, y)=\tilde{I}_{\mu}$,\mbox{\boldmath $\nu$}(x, $y$ ) . $x\in(0, \infty)\backslash \tilde{Q}$
, $\mathcal{T}_{\mu}^{\nu}a(x)=\int_{Q}a(y)\tilde{I}(x, y)dy$ ,
$V_{2}= \int_{(0,\infty)\backslash \tilde{Q}}|x-$ c $|^{2}| \int_{Q}a(y)\tilde{I}(x, y)dy|^{2}dx$ .




$\int_{Q}a(y)\frac{\partial\tilde{I}}{\partial y}$ (x, $c+\theta(y-c)$ ) $(y-c)dy$, $0<\theta<1$ .
. ,
(12) $| \frac{\partial\tilde{I}}{\partial y}(x, \xi)|\leq\frac{C}{|x-c|^{2}}$ , $\xi=c+\theta(y-c),$ $0<\theta<1,$ $y\in Q,$ $x\in(0, \infty)\backslash \tilde{Q}$
88
,
$| \int_{Q}a$ (y) $\tilde{I}(x, y)dy|\leq\frac{C}{|x-c|^{2}}\int_{Q}|a(y)||y-c|dy$
$\leq\frac{C}{|x-c|^{2}}||a||_{2}h^{3/2}\leq\frac{C}{|x-c|^{2}}h$
,
$V_{2} \leq Ch^{2}\int_{(0,\infty)\backslash \tilde{Q}}\frac{dx}{|x-c|^{2}}\leq Ch$.
(I) . (12) ,
.
, (II) $a$ $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}a\subset[0, \infty)$
. (I) , $\mathcal{T}_{\mu}^{\nu}a$ . ,










$a(t) \int_{0}^{\infty}\int_{0}^{\infty}e^{-\epsilon x^{2}}\sqrt{xy}J_{\mu}(xy)dx\sqrt{yt}J_{\nu}$ (yt) $dydt$ .
, $x$ Kummar





$= \frac{y^{\mu+1/2}\Gamma((\mu+3/2)/2)}{2^{\mu+1}\epsilon^{(\mu+3/2)/2}\Gamma(\mu+1)}e^{-}y2/(4\epsilon)\Phi$ ((p $+$ 1/2)/2; $\mu+1;$ $y^{2}/(4\epsilon)$ ).
$\Phi(\alpha;\gamma;z)$ , $z$
(13) $| \int_{0}^{\infty}e^{-\epsilon x^{2}}\sqrt{xy}J_{\mu}(xy)dx|\leq C\epsilon^{-1/2},0<y\leq 2\sqrt{\epsilon}$
70
– ,
$\Phi(\alpha;\gamma;z)=\frac{\Gamma(\gamma)}{\Gamma(\alpha)}e^{z}z^{\alpha-\gamma}[1+O(|z|^{-1})]$, $\Re zarrow$ o, $\gamma\neq 0,$ $-1,$ -2, ..
(14) $\int_{0}^{\infty}e^{-\epsilon x^{2}}\sqrt{xy}J_{\mu}$ (xy) $dx=C_{\mu}y-1+R\epsilon(y)$ , $|$R$\epsilon$ (y) $|\leq C\epsilon y^{-3}$ , $2\sqrt{\epsilon}\leq y$








$\sqrt{\epsilon}+\int_{2}"\}(\int_{0}^{\infty}e^{-\epsilon x^{2}}\sqrt{xy}J_{\mu}(xy)dx)\sqrt{yt}J$,(yt) $dydt$ .





$\int_{0}^{\infty}\frac{\sqrt{yt}J_{\nu}(yt)}{y}dy=\int_{0}^{\infty}J_{\nu}$ (u)u-1/2 $du= \frac{\Gamma(\nu/2+1/4)}{\sqrt{2}\Gamma(\nu/2+3/4)}$
, (3) ,
$\int_{0}^{\infty}\mathcal{T}_{\mu}^{\nu}a(x)dx=0$
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